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12 5 10 possible choices of the 5 men and 5 women. They can then be paired up in 5! ways, since if we arbitrarily order the men then the first man can be paired with any of the 5 women, the next with any of the remaining 4, and so on. Hence, there are |)J( (|)J| (5 12 5 10!5 possible results. 16. (a) ) Y\ (+ ) J{(+1)J{ (24 2 7 2 6 = 42 possibilities.
(b) There are 6 - 7 choices of a math and a science book, 6 - 4 choices of a math and an economics book, and 7 - 4 choices of a science and an economics book. Hence, there are 94 possible choices. 17. The first gift can go to any of the 10 children, the second to any of the remaining 9 children, and so on. Hence, there are 10-9-8 - - -5 -4 = 604,800
possibilities. 18. [J Y\ ()Y ()J{[( 342625 =600 19. (a) There are |) Y\ ()Y ()Y [+ Y ()Y (2412383438 =896 possible committees. There are |} J| (|| [ 3 4 3 8 that do not contain either of the 2 men, and there are |J Y| (|)J{ (/Y[ 24 1 2 3 8 that contain exactly 1 of them. (b) There are )Y\ ()L (Y (+ Y ()Y (36261236
3 6 = 1000 possible committees. Chapter 1 3 (c) There are |) Y (YU (+ )Y/ YU+ DY )Y (253735273537 =910 possible committees. There are |} | (1) J| [ 3 53 7 in which neither feuding party serves; || ()} (3 52 7 in which the feuding women serves; and |} () J| [ 2 5 3 7 in which the feuding man serves. 20. |) Y (+ 1) Y[ )
( U 1 \ (+ | } Y \ (3656,46125621.!4!3 17 = 35. Each path is a linear arrangement of 4 r’s and 3 u’s (r for right and u for up). For instance the arrangement r, r, u, u, 1, r, u specifies the path whose first 2 steps are to the right, next 2 steps are up, next 2 are to the right, and final step is up. 22. There are !2!2 !4 paths from A to the circled point; and
1112 13 paths from the circled point to B. Thus, by the basic principle, there are 18 different paths from A to B that go through the circled piont. 23. 3123 25. |)J| ( 13,13,13,13 52 27. 151413 112 5,4,3 12 = |} || ( 28. Assuming teachers are distinct. (a) 48 (b) 4)2( !8 2,2,2,2 8 = |) J| [ = 2520. 29. (a) (10)!/3!4!2! (b) 1214 17 233 [) | [ 30. 2 - 9! — 228! since
2 - 9! is the number in which the French and English are next to each other and 228! the number in which the French and English are next to each other and the U.S. and Russian are next to each other. 4 Chapter 1 31. (a) number of nonnegative integer solutions of x1 + x2 + x3 + x4 = 8. Hence, answer is | ) N k ( 311 = 165 (b) here it is the number of
positive solutions—hence answer is |) J| [ 3 7 = 35 32. (a) number of nonnegative solutions of x1 + ... + x6 = 8 answer = | J( (5 13 (b) (number of solutions of x1 + ... + x6 = 5) x (number of solutions of x1 + ... +x6 =3) = |J Y ()| (5851033. (@) x1 +x2 +x3 +x4 =20,x1=22,x2=22,x3=3,x4=4Letyl =x1 —1,y2=x2-1,y3=x3 -2,
y4 =x4 — 3yl +y2 +y3 +y4 = 13, yi > 0 Hence, there are |) | (3 12 = 220 possible strategies. (b) there are |) J| [ 2 15 investments only in 1, 2, 3 there are |) Y| (2 14 investments only in 1, 2, 4 there are | J| [ 2 13 investments only in 1, 3, 4 there are |} (2 13 investments onlyin2, 3,4 |JY((215+ [)Y{(214+ [JY{(+[)J{(3122132 =
552 possibilities Chapter 1 5 Theoretical Exercises 2. S = iminl 3.n(n — 1) - - - (n — r + 1) = n!/(n — 1)! 4. Each arrangement is determined by the choice of the r positions where the black balls are situated. 5. There are |) )| (j n different 0 — 1 vectors whose sum is j, since any such vector can be characterized by a selection of j of the n indices whose
values are then set equal to 1. Hence there are |) J| (3 = jnn kj vectors that meet the criterion. 6. [)J{(kn 7. )Y (= =+ )y (=1 11rnrn=D1()(H1I(H1( N1(—-— —+—— —rrnnrnrn = |/(a) By the generalized basic principle of counting there are ####### 26 - 26 - 10 -10-10- 10 - 10 = 67,600, (b) 26 - 25-10-9-8 -7 - 6 = 19,656,
HHA##H###A 2. 64 = 1296 An assignment is a sequenceil, ..., i 20 where ij is the job to which person j is assigned. Since only one person can be assigned to a job, it follows that the sequence is a permutation of the numbers 1, ..., 20 and so there are 20! different possible assignments. There are 4! possible arrangements. By assigning instruments to
Jay, Jack, John and Jim, in that order, we see by the generalized basic principle that there are 2 - 1 - 2 - 1 = 4 possibilities. There were 8 - 2 - 9 = 144 possible codes. There were 1 - 2 - 9 = 18 that started with a 4. Each kitten can be identified by a code number i, j, k, 1 where each ofi, j, k, 1 is any of the numbers from 1 to 7. The number i represents
which wife is carrying the kitten, j then represents which of that wife’s 7 sacks contain the kitten; k represents which of the 7 cats in sack j of wife i is the mother of the kitten; and 1 represents the number of the kitten of cat k in sack j of wife i. By the generalized principle there are thus 7 - 7 - 7 - 7 = 2401 kittens (b) 2 - 3! - 3! =72 (¢) 4!3! =144 (d) 6
232211 ="72(b) 12! ####### | ####### = 1260 (C) 1214 ####### | ####### = 34, () 12! ##HH#H#H# | #HHHHHH = 1260 ##HHH#H O, H#H#H#H## A #H###### )12 ####### =27, (b) 2 - 71 =10, (c) 5!4! =2, (d) 4! 4 = 384 (b) 312!3! (c) 314! 5 (b) 30 - 29 - 28 - 27 - 26 ####### 13. |####### )####### \####### |
HUHBHBH | HHHHHHH (BHBBBRE D BHBHHHH 20 #HHHHHH L. | HHHHHHY | HHHHHHH \HHBBBRR | HHBBBBH | HHHHHHH ( BRBBBBE D BHBHHHE D) | HHHHHHH \HHBHBRH | #H#####  #HBHBBR (HHBBHBY | HHHHHHH | RBBBBHE \BHBBBRH | #####84  #RBBB8H ( HHBHBHH S HHBHHHHE |2 HHHHHHED
####### 10 possible choices of the 5 men and 5 women. They can then be paired up in 5! ways, since if we arbitrarily order the men then the first man can be paired with any of the 5 women, the next with any of the remaining 4, and so on. Hence, there are | | ####### \####### | #HHH###  HHHHHBH ( HHHHHHH | HHHHHH#H# )
HUHHHHH ?####### | #######  HHBHBRY ( HHHHHHH D BRBBHHH |2 $HBHHHH D ####### 10 ####### | possible results. | ####### \#HH#### | HHHHHHH  HHHHHHY ( HHHHHHH W BHBBBBE ) HHBHBRYE \HHHHHHH | #HBBHBH  BHBBBBY ( HHHHHHH W BEBBBHE ) BHBHBHH \$HBHHHH | ####### |
HHABHBHHE (| HHABHBHHS 2 BHHBHBE A HHHHBHH 2 HHHABHAS T HHAHHBHH 2 #H###### 6 = 42 possibilities. (b) There are 6 - 7 choices of a math and a science book, 6 - 4 choices of a math and an economics book, and 7 - 4 choices of a science and an economics book. Hence, there are 94 possible choices. The first gift can go to any of the 10
children, the second to any of the remaining 9 children, and so on. Hence, there are 10 - 9 - 8 - - - 5 - 4 = 604,800 possibilities. ####### 18. |##HH### |HHHHHBH \HHBHUBY | #UBBHHH \ BHHHBBHR (HBBBHHY | BBBBHHE ) BHHBBBH \HBBHBRH | BHBHHHH  HHHHBRHY ( HHBHBRY | BBBBHHH ) HHHHBRE \#BRHHH# |
HUHHHHH H####### (HHEHBHRHR D HEHBHBR A HHBHBHH D HHHHHHH C HBRBHBH D HHHHHHH D HHHHHHH = 600 | HHHHHHH \#H##### | #HBBBHH  HHBBHBY ( HHHHHHH | BBBBBHE BHBBHHH \$HHHHHH | #HBH888  BHBHHHH (HHHHHHH | BHBHHHE | BHHHHHH \#H####H | ####8#8#8# #2288 8##
HHHBHBE & BHBBBHY BBHHHBR \HHBRHBH | BHBHBHH  BHHHHBR (HHBRBBY | BHBBBHH ) BHHHBRR \HHBRBBH | BHBBBHH  BHBHBBR (HBBBBBH D BHBBHHH L BHBHHHE | HHHBBBHY 2 HHBHBHRH DS HHBHHHH S HHHHHHH S HHHBHHUH L $HHHHHH 3 ####### 8 = 896 possible committees. There are | )
HHUHBBRYE \HHHHHHH | #RBBBRS  BHBBBBY ( HHHHHHH | BRBBBRS ) BBBBBRE \HHBHHHH | BHBBHHH  BHBBBBH ( HHHHHHH D HHHHH## A ####### 3 ####### 8 that do not contain either of the 2 men, and there are | | ####### \HABBHHH | ##H####H \ HHBHHHH ( HHHHBHHE | HHHHBHH | BHHHH#H )
HEHBHBH | #HHH###  HHBBBBY ( HHBHBRY | HHBHHHH | BBBBBHS \HHBHBRHE | $HBHHH8H  BHBHHHH ( BHBHBHE D BHBHHHH A HHHHHHH | $HBHHHH 2 #H## 444 3 ####### 8 that contain exactly 1 of them. (b) There are | | ####### \####### | #H#####  HHHHHHH ( HHHHHHH | BHBHHHE | HHHH##H )
e AE I IAC T I IETTTIETMETITTTTNETETIIEAE T TITTINTTITTTIACIETIITAETTTIZTNE I TTINETTTIETAETTITTIAN T TIIACTTTITTIE T TITTTMETTTTITNELTTTITTANTTTTIAN T TITACTTIITTIETIETTINE TR TTTIEL IR TTTTTT NS
HUHBHBE | HHHHHHH D BHHHHHH D3 HARBHHH © HHHHH#H 3 ####### 6 = 1000 possible committees. (a) number of nonnegative integer solutions of x 1 + x 2 + x 3 + x4 = 8. Hence, answer is | | ####### \###HHHH | #######  #HBHH#H ( HHHHHHH 3 ####### || ####### = 165 (b) here it is the number of positive
solutions—hence answer is | | ####### \######HE | #HHHHHH  HHBHHHH ( HHHHHHH 3 #H##HHHH T ####### = 35 (a) number of nonnegative solutions of X 1 + ... + x 6 = 8 answer = | | ####### \#H#HHHH | #HHHH#H  HHHHHHH ( H#H####4H 5 ####4### 13 (b) (number of solutions of x 1 + ... + x 6 = 5) x (number of
solutions of X 1 + ... + X 6 = 3) = ###H#H### |HHHHHHS | HHHBRHY \BHHBHBH | BHBHHHH  HHHBBHY ( BHBBHHY |BHBHHHS ) HHBBBHY \BHHBRHH | #HBHHHH  $HBBBBY ( BHBHHHH D BHBHHHH S HHHHHHH S ####### 10 (@) x 1 +x2+x3+x4=20,x122,x2=22,x3=23,x4=4Lletyl=x1-1,y2=x2-1,y3
=x3-2,y4=x4-3y1+y2+y3+y4=13,yi>0Hence, there are | |####### \HHH#### | ####### | #HHH##H ( #H##### 3 #H###### 12 = 220 possible strategies. (b) there are | | ####### \####### | HHBHHHH | $H#H#H#H#H#H ( #H###### 2 ####### 15 investments only in 1, 2, 3 there are | | ####### \#######
| ###un##  #ABHHBY ( HHHHHHH 2 ####### 14 investments only in 1, 2, 4 there are | | ####### \###H### | #u####4 \ HHHBBHH ( #HHHHH## 2 ####### 13 investments only in 1, 3, 4 there are | | ####### \####### | #H##HH##  HHBHHHH ( #H#HBHH 2 ####4## 13 investments only in 2, 3, 4 ####### |
HUBBHBY | HHHHHHH \RBBBBRR | HHBBBBE | HHHHHHH ( BBBBBHE D BHBHHHH D H#ARBBRS + | HHHHHHH | RBBBBRS \BHBBBRH | #HH#HHHH  BRBBHHH (BHBHBHH D HHHHBHE L BEBBBRE + | BBBBBHS BHBHBRE \HHBHHHY | BHBHHHH  BHBHBBH (HHBHBRE | HHHHHHH ) BHBBRRS \HHBHBHH |
HHABHBHHE  HHABHBHHA (| HHABHBHH S HHHABHHAS 12 #HHBHHH 2 ##H##H#H## 13 2 = 552 possibilities Theoretical Exercises2. S=imilnnn—-1)---(n—r+ 1) = n!/(n — r)! Each arrangement is determined by the choice of the r positions where the black balls are situated. )####### \####### | ####ast k####### (j n different 0 —
1 vectors whose sum is j, since any such vector can be characterized by a selection of j of the n indices whose values are then set equal to 1. Hence there are | | ####### \####### | ####### | ####### (S =) n n kj vectors that meet the criterion. ####### 6. |##H#H#HE | HHHHHHH \HHH#H#H | ####### | ####### (kn
HHHBHHR T, |HHHBHRE | HHBBBRY \BHHHH#H | #R BB B33  HHBHBRY ( HHHHHHH — BHBHHRE — HHHBHHHH [ BRBBBBE ) BHBBRRY \HHHHHHH | #RBBRHH H####### (— ###aaas | ####### L lrnrn= (1)) ####### () #2288 8% (|| ) #####3H () #HHHHHH — — BHBBBHY — BHBHEHE + BHBHBHH —
— HHBHHBH —NTTNT DTN H#HRHHBH = | #HBHH#H#H )####### \####### | ####### k####### ( HUHBHBH = HHHBHBH | BHBBHBH | BHBBHBH | BHBBHBH| BHBRBRH | BHBHHRH | BHBHHRH + BHBHH#H — —TONTONTTNT D #EHBHAS () #H#BHBHH | | #H#H#HH \####### | ####### k####### +rn
m gropus of size T. As there are | | ####### \####### | #ABBHHH  HHBHBBY ( HHHHHHH — BHBHBHH | HHBHBBY | BHHHH#H \HHBH#3H | ####88# | ####### (r1m in groups of size r that consist of i men and r — i women, we see that S= ####### |HHHHHBH | HH#HH#HH#H \HBHBBBR | HHBBBHH | #HHHH##H#
HHEHBHHBY — BHBHHHH | BHBHBRY | BBHHRRH \BHBHBHS | #HHHBHH  HHBHHRH ( BHBHHHS = HHBBBHY | BHHRRHH \BHBHHHR | ## #3444 | #H##### (Friviminrnm O ###H##H  HHHHHHH O, | HHHHHHY | HHHBHHH \HHHHBHH | #HBH004  HHBBHHH ( HHHHBHY — BHBBHHH | BHBHBRE ) HHBHHHH )
HBHHRBH | HHBHBRH  HBBHBRHY ( HBBHHRY = H#HBHHRH )####### \####### | ####### k####### (2= NininnnniOQ ####### 2 HH###HH#H =2 03= ###H##H## | H#HHH#H )####### \####### | ####### k HHEHHHAH (n iin Parts (a), (b), (c), and (d) are immediate. For part (e), we have the following:
HUHBHBY | HHHHHHH | RBBBRBS \HHBRBRH | ####### | #2333 8% (knk = (())) #HHHHHE | #HHHHHHE () BABBBHS | $HBHHHH — — $#H#H#H#### = — DK KO DK K DK #HHHHHYE | HHBHHHY | BBBHHHH \BHHHHHHR | HHBHHHH | $HHHHHH ( BHBBBRE — HHBHHHH — + HHBHHHE | ####### Oknnk=(() )
HHHBHHR | HHHHHHH ()L ) #H#H##H () $HHHHHH — — HBHBBBHH = BRBBHHS — + — #H###### — + DKKO KK DK N ###H#HH |HHBHHHYE | HHHHBHH \BRBHHHH | #HBH B33  $HBHBBH ( HHHHHHH — BHBBHBY — $H##### LV ######F L knn = () ) ####### | #####8% () ) ####88H () #HBHBHE — —
HHABHBHH = ##H#H#HH#H — — ####### —nkknn kknn (a) The number of vectors that have xk = j is equal to the number of vectors x 1 = x 2 = ... = xk— 1 satisfying 1 < xi = j. That is, the number of vectors is equal to Hk— 1 (j), and the result follows. (b) H2 (1) =H1 (1) =1H22)=H1(1)+H1(2)=3H2@B)=H11)+H12)+H1@Q3) =
6H24)=H1(1)+H1(2)+H1B3)+H14)=10H2(B)=H11)+H12)+H13)+H14+H1(5B)=15H3GB)=H2(1)+H212)+H2@B3)+H24)+H2(5)=35(@)1<2<3,1<3<2,2<1<3,2<3<1,3<1<2,3<2<1,1=2<3,1=3<2,2=3<1,1<2=3,2<1=3,3<1=2,1=2=3(b)The number of outcomes
in which i players tie for last place is equal to | | ####### \####### | ####### | ####### (in, the number of ways to choose these i players, multiplied by the number of outcomes of the remaining n — i players, which is clearly equal to N(n — i). (c) S= ####### |— ###HHHH |HHHHH### \####### | ## #4084 | ####### (niN
Ninl ()] =3= ####### |— ##H#H#H#H#H |HBBBHHH \HHBBBBH | ####### | #HHHHHH (HHHH##F —NINDINID | #H####H () = DS— = #H####H |HHHHHHH | HHHHHHH \$###### | ###n#0#  #####8# (10 ####### )(nj N jjn where the final equality followed by lettingj =n — i. (d) N(3) = 1 + 3N(1) + 3N(2) = 1 +
3+9=13N(4) =1+ 4N(1) + 6N(2) + 4N(3) = 75 A choice of r elements from a set of n elements is equivalent to breaking these elements into two subsets, one of size r (equal to the elements selected) and the other of size n — r (equal to the elements not selected). Suppose that r labelled subsets of respective sizesn 1, n 2, ..., nr are to be made up
from elements 1, 2, ..., nwheren =S=rini1.As |####### |####### ##BHHHE \HEARBHY | HHHRRRS | #H# 40 0# | ####### (—i—nrnnn .. ####### 11 ,..., 1 represents the number of possibilities when person n is put in subset i, the result follows. (x 1 + X2 + ... + xr) n ####### = 1 1 | ####### 1(2..)0linrinix
XXIN — = #HHHHHHE |+ + HHBHHHHE | HHHHHHH \$H###### | #######  ####### (3 by the Binomial theorem####### = 1 1 1 0 1 inixinS= ######H |#HAHH##E |HHRBBHH \HHHHHRH | ####### | ####### (12,00 3..322 .., 12 lirvivrxxiini || #####44# \###448# | ####### | ####### (-2 .1
—=++ini | ####### =1, v SS.OririrXxiin .. .., 11 1 #####4# |HHBHHH## ) H#H###HH \####24# | ####### | ####### (i 21 ... r=+++ ni where the second equality follows from the induction hypothesis and the last from the identity | | ####### \####### | #H#BHHHH | HHBBHHH ( HHHHBHH = #H#HHHH )
HEHBRHY \HHHBHRH | #HBHHHS  BHHBRBY ( — BHHHHRH | HHBHBRY | HBHRBHHH \HH####4 | #8840 048 | ####### (niirniiniin ####### 2 .., 1,..., 1 1 ####### . The number of integer solutions of x 1 + ... + xr = n, xi = mi is the same as the number of nonnegative solutions ofy 1 + ... + yr=n — Srmi 1, yi = 0.
Proposition 6.2 gives the result |####### |####### |HHHHHEY |HHHHHH#H \BABBBBS | HHBHBBH | #H#H#H#H##H | BRBB333  HHBBHBY ( $HBHBHH — S+ —####### |V ####### L LTI TTL . | #ERS##H \HEHHH4H | #####4## | ####### [ k1 choices of the k of the x’s to equal 0. Given this choice the other r — k of
the x’s must be positive and sum to n. By Proposition 6.1, there are | | ####### \####### | HHH#HHH  HHHHHHY ( HHBBHHH — + BHBHHHS — HHBBHHH = BHBHHHS ) BHBBBHY \BHHHBHH | #HHHHHH  $HHHHHY ( #HHHHHH — — ####### —nrknrkn 1 | ####### 1 such solutions. Hence the result follows. #######
22. |HHHBHBH |HHHHHHH \RBRBHRS | HHBBBBH | $HHHHHH ( #BBHHHH — BHAHBHHE + — BHBHH#H# | ####### 1 n n 1 by Proposition 6.2. Chapter 2Problems (a) S = {(r, 1), (r, g), (r, b), (g, 1), (g, 9), (g, b), (b, 1), b, @), (b, )} () S = {(r, g), (r,b), (g, 1), (g, b), (b, 1), ®,g)}S={(n,x1,..,xn—1),n=1,xi#6,i=1,..n— 1}, with
the interpretation that the outcome is (n, x 1, ..., xn— 1) if the first 6 appears on roll n, and xi appearsonroll,i,i=1, ..., n — 1. The event c (n 1 En) » U= is the event that 6 never appears. ####### 3. EF = {(1, 2), (1, 4), (1, 6), (2, 1), (4, 1), (6, 1)}. E U F occurs if the sum is odd or if at least one of the dice lands on 1. FG = {(1, 4), (4, 1)}. EF cis
the event that neither of the dice lands on 1 and the sum is odd. EFG = FG. ####### 4. A= {1,0001,0000001, ...} B = {01, 00001, 00000001, ...} ####### (A U B) c = {00000 ..., 001, 000001, ...} 5=32Mb)W={(1,1,1,1,1),(1,1,1,1,0),(2,1,1,0,1),(1,1,0,1,1),(2,1,1,0,0),(1,1,0,1,0)(2,1,0,0,1),(1,1,0,0,0), (2,0, 1,1, 1), (0, 1, 1,
1,1),(,0,1,1,0),(0,1,1,1,0),(0,0,1,1,1)(0,0,1,1,0),(1,0,1,0, 1)} (c) 8 (d) AW = {(1,1,1,0,0),(1,1,0,0,0)} (a) S = {(1, g), (0, g), (1, ©), (0, ©), (1, s), (0,s)} (b) A= {(1,s), (0,s)} (c) B={(0, g), (0, ), (0, s)} (d) {(1, s), (0,s), (1,g), (1,£)} 15 (b) 6 15 — 3 15 (c) 4 15 (b). (c) 0 Choose a customer at random. Let A denote the event that this
customer carries an American Express card and V the event that he or she carries a VISA card. ####### P(AU V) = P(A) + P(V) — P(AV) = .24 + .61 — .11 = .74. Therefore, 74 percent of the establishment’s customers carry at least one of the two types of credit cards that it accepts. Let R and N denote the events, respectively, that the student
wears a ring and wears a necklace. (a) PRUN) =1 — .6 =. (b) .4 = P(RU N) = P(R) + P(N) — P(RN) = .2 + .3 — P(RN) Thus, P(RN) =. Let A be the event that a randomly chosen person is a cigarette smoker and let B be the event that she or he is a cigar smoker. (a) 1 — P(AU B) =1 — (.07 + .28 — .05) = .7. Hence, 70 percent smoke neither. (b) P(A c
B) = P(B) — P(AB) = .07 — .05 = .02. Hence, 2 percent smoke cigars but not cigarettes. (a) P(SUF U G) = (28 + 26 + 16 — 12 — 4 — 6 + 2)/100 = 1/ The desired probability is 1 — 1/2 = 1/2. (b) Use the Venn diagram below to obtain the answer 32/100. ####### 14 10 10 ####### ST #HHHH#H 8 HHHHBHHH G H#BHHH#HHE 2 4 #H##H#H### 2 (C)
since 50 students are not taking any of the courses, the probability that neither one is taking a course is | | ####### \####### | #HHUHHH \ HHBHHHS ( HHHBRBY | BHBBHBY | BHBHHHS \HHBBBHH | #HUHHHH  BHBHHHS ( HHBHBHH 2 $H##H## 100 #####4# 2 ####### 50 = 49/198 and so the probability that at least one
is taking a course is 149/198. (b) 12, (c) 11, (d) 68, (e) 10, ####### 1000 7000 19000 ##H##H#H#H# 11l ##HHHHH# O #HHBHA#HH 1] ######H# 1000 3000 ####### 1000 () p1l =4/20,p2=28/20,p3 =5/20,p4 =2/20,p5 =1/ (b) There areatotalof4-1+8-2+5-3+2-4+1-5=48children. Hence, g1 = 4/48, q2 = 16/48, q 3 = 15/48, q
4 = 8/48, q 5 = 5/ The ordering will be unchanged if for some k, 0 = k < n, the first k coin tosses land heads and the last n — k land tails. Hence, the desired probability is (n + 1/ n The answer is 5/12, which can be seen as follows: 1 = P{first higher} + P{second higher} + p{same} = 2P{second higher} + p{same} = 2P{second higher} + 1/ Another
way of solving is to list all the outcomes for which the second is higher. There is 1 outcome when the second die lands on two, 2 when it lands on three, 3 when it lands on four, 4 when it lands on five, and 5 when it lands on six. Hence, the probabilityis (1 + 2 + 3 + 4 + 5)/36 = 5/12. 5 ####### 2 #H##H#H#H , () #H#H#HH#H 36 #H#HH#HH## O
HEHBHHH 30 HHHBHHH 20 1 | |= |####### \#H####H | #8888 4 | ####### (So = — nn n PE Imagine that all 10 balls are withdrawn ####### P(A) = ####### | #HHHHH#H# - 719363 -+ 717+ 6-5-4--+7153-6-5-4-3 -2 | #HHHHHH | HEHHHHE |HHHBHHH \HHHHHBY | #H###### | #HBBBHH ( #HHHHHH |
HUEHBHHY | BHBHBHY \BBHBBHH | HBBBBHE  BBBHBBY ( BHHBBBHH - BHBBHBY | BHBBBRY \HHBBBHE | BHBHHBY | BHBBHRY ( HHBBBHE & BBBHBBY ) BHBBBHH \BBBBHBH | BHHHBBH  BHBBBHS (BHBBHBS S HBHHBBH VO BHHBHRH D3 HHHBHHS S HHBHHBY 3 HHHHHRH © HHBHHHH 3 HHHHH#H# D
P{different} = || ####### \####HHH | #HHHHHH  HHHHHBH (HHBHHHH | BHHBHHH ) HHHBHBH \HHBHHHH | #HBHHHH \ BHHHBRH (HHBHHHY | BHBBHHH ) BHHHBHH \HHBHHHH | #HHHHHH  BHBHBRE ( HHBHHHH | BHBHBHS ) BHHHBRH \BHBHHHH | #HHH###  BHHHBHH ( #HBHHHH D #HHHHH## 10
HHABHBHHE | HUHHBHBH QHHABHBHHA | #HHBHAH O HHAHHBHHA | ####### 5 If sampling is with replacement P{same} = 3 3 3 3 ####### )19( ####### 5 + 6 + 8 P{different} = P(RBG) + P{BRG) + P(RGB) + ... + P(GBR) ####### = 3 )19( ###H#HH#H## 656 - 8 () ) ####### ()1 () ##H##HH#H#H# + + — ##HH##H### —+ —nmnmnn
mm (b) Putting all terms over the common denominator (n + m) 2 (n + m — 1) shows that we must provethatn2 (n+m—-1)+m2(mn+m—1) =n(n — 1)(n + m) + m(m — 1)(n + m) which is immediate upon multiplying through and simplifying. ####### | ##H#HH#H# L BHBHHBH O HHHBHHH A HHBHHHH S HHHBHH#HHE | #H#H#H#HH#H# 3
HHBUHHHY O HHBHHHY 3 HBHBHEH T HHBHBHS | BHEBHBY | BBHHBEY \BHBRBHS | $HUBHBH  BBHHBEY ( BHBRBHS | BREBHBHE ) BRBHBEH \BHBRBHS | $RUBHBH  BHBHBEY ( BHBRBHH | BREBHBHE ) BRBHBEY \BHBRBHH | $HUBHBH  BRHHBEH ( BHBRBHH | BREBHBHE ) BEBHBEH \BHBRBHH | $RUBHHH
HHBBHHHS (#HHHHHH = 1] (D) #EHHHEH | BHBHBHS ) HBUHHRH \BHBHBUH | #HBHRHH  HHBBHBH ( BHBHBEH | BHBHRHH ) BBBHHBH \BRHHBRH | #HBHUHH  BRBBHBH ( BHHHBRH | BHBRBHS ) BHBBHRH \RBHHBRH | #HBHRHH  BRBRHBH ( HUHHBHH | BHBRBHH ) HBHHHHH B ##2# | ####88# |
HHHBHBY ( HHHHHHH A BRBBBHH QO HHHHHRHR A HHBHBHY QHHHHHHH S HHHHHHH S HBRBHBH S HHHHHHHR T HHHHHHH — 118 = 1] (C) ######H |HHHHHEY |HHH#H#H#H#H \RBBBBHH | #HBHBHH | $HHHHHH ( BBBBHHH | BHBHBHHE | HHBHHHH \BHBHHHH | #2288 8%  #HHHHHH ( #H###### | #2222 2% )
HHHBRBHY \BRHBRBH | BHBHHHS  HHHBBBY ( BRBBRBH | BHBHHHE ) HHHBBRBE \BRBBRHH | BHBHHHH  HHBBRHY ( BHBBRHH W BHBHBRR ) HHBRBRH \RHBBBHH | BHHHHBR  HHBBBBH ( BHBRBHY | BHBHBRR ) HHBBRBRY \HBBBHHH | BHHHBBH  HHBHBRY ( BBBBHHH L BHHHHBH O #H###H#H# 4
HUHHHHH O H#HAHBHBHR 3 HHHHHHH Q HHAHBHBR L HHHHHHHA T HUHBRBR L HHHHHHH Q HBRBRRY 3 HHHHAHAHAH T #H#R#SY = 1) O #H###HH 2 HHHHHHH 333 $H##H#HH 3 12 ###BHHH = HHHHHHH - HHHHHHH - Plsame} = O ####### | HHHHHHAH 2T ####H#H 3 HHAHHHHH = ####### 32. bggbgbg g ####### +
HEHBHHH = BEBBHBS + HHBHHHE + — BHBHHHH () #HHHHHH () #HHHHHH 33, #H##HHHH B2 H#ARRHHH 10 #EHHHHH A #HHHHHH D0 #ARBHHH D HHHHHHH |S HARHHHR D HHHHHHH S HHHHHHH = BABBBHE |HHHHHHY | HHHHHHH \BRBBH38 | #2200 88  $HHHHHH ( BHBHHHH |BHBHBHE | HHHHHHE )
T AN I IAC T NETTTIETETTTTTTNETETIIEAETTIITTINTITTTIACIETTTITIETTTIZTTIVNEL T I NET I TI R TETTIZINTTITTTICT I TIIETETTIEMETTIITTNETIZTTIRCIETIITINT T2 ACTITTTT IR ZIETTITRNE LTI NYETTTEETRCE T T TS TIY)
HHHHHHH DD, | — |HHHBRRR | HHBHBRYE \HHHHHHH | #RBRBB8  HHBBBBY ( HHHHHHH | BBBBBHE | BHBHBHY \$HBHHHH | BHBHH 38 BHBHHHY ( HHBHBBE S HHHHHHH DA HHHHHHH 3 ####### 30 ####### =~ knn 1 () — — if do not discard P{all different} = 1212 12 ####### 1211 13() #####H#H# - - - - -n
When n = 5 this falls below 1/2. (Its value when n = 5is .3819) ####### 47. 121/(12) 12 ####### 48. 20 A A ####### )12 ####### )12013( ####### )20( #AHHHHH A HHHHHHH QHHHHHHH A HHHHHHH |2 HHHHHHY | HHHHHHH |RBBBBHS \HHBBBRH | $H##H#388  BRBBHHH ( HHBHHHY | HHBHBHE | BHBHH#H )
HUHHBBH | HHHHHHH  BRBBBBY ( HHBBBBE A, | HHHHHHH | RBBBBRS \BBBBBBHE | #HHHHHH  BHBBBHH ( BHBBBRE | HHBHHHY ) BHBHHHH BHBHBRHR | HHBBBRE  HHHHHHH ( BRBRBBE | BHBBBRYE ) HHHHHHH \BRBRBRS | BHBBBHH  HHBHHHH ( BHBHHHH C #HHHHHHR |2 #HHHHHH D3 HHHHHH#H# 6
HHEHBHHBH S HHHBHHH © HHHHHHH D0, | #HHHHHY | HHHBHHH \HHHHBRH | #HHHHHH  HHHBHHH (HHHHBRY | BHBHHHY | BHBHRHH \BHBHBRH | #H 30084 #HBHHHS ( HHHBBRY | BHBHHBH | BHBHHHS \BHBRRHH | #HHHHHH  BHBHHHS (HHBHRHH | BHBHRHH BB HHHHH \#H B #8424 | #4888 8# |
HHEHHHHH (####### | ## ##H#H## )####### \####### | ####### k####### ( HARBHHH | HHBHBRHS )####### \####### | ####### k HUHEHHAHHY (####### 13 #H##HBHHHH 3O HHBHUHH L3 HHHHHHS DL HHHBHBH D HHHBHHH 3| #HBHYHH S HHUHHUHHH O HHUHHHBH 8 HHHBHHSH 30 #HBHBHY D #H#H##H#H## 13
#appa##Sl. mnnnNmn ()1 /- [— |####### \###HBHE | #######  #H####% ( ####### 20181614121086 ###HEHHE - - - - - - HUHHHHHHE - (b) 2019181716151413 ####### 2 HHHHHHH | HHHHHAHHL | HHAHHHHHS © HHHHHHH O H#HAH#H#R | H#HHHHH#H# 100 #H###### - - - HEBBBRYE | HHHHHHH | RBRBRRH
\HEHBHRHE | ######H  BRBBBBY (HHBHBHY | HHBHBHY | BBBHHHH \BHHHHHH | ###8888 | ####### ( Let Ai be the event that couple i sit next to each other. Then ####### | ####### 2| #EHHHHH | HHHHHHH 2| HERBHHH A HHHHHHR | HHHHHHH 2 HHHHHHH O HHHHHHH | $HBHHHH 2 #HHHHH#H# ()4234 41
HHBHBHHE  HUHBHBY — HHHHBHY - BUHHBHBH + HBHHBHY - BHBHHBH — #H##H###4# - PUI=A] = and the desired probability is 1 minus the preceding. ####### 54. P(SUH UD U C) = P(S) + P(H) + P(D) + P(C) — P(SH) — ... — P(SHDC) ####### = ####HH#H## | ####H### }####### \####### | #####HH# k####### (
HEHBHBH | HHHHHHH | BHBBBRE \HHBBBRH | #######  #RBBBBS (HHBHBBE + $HBHHHH | BHBBBRR | BHBBHRY \BHHHH#H | #H BB 2 88 HHBHBBY ( HHHHHHH | BBBBBEE BHBBBHE \$HHHHHH | BHB3 888 BHBHHHH (HHBHHHY — BHBBBRE | BHBBBRY | HHHHH#H \BBBB B38| #2228 848 | ###H####
(####### | ####H### )####### \####### | ####### k HHHHHAHHY (####### 13 ####HHHR D2 HHHHHHH 13 HHBHHHH |3 HHHBHHH L BHBRHHHE 13 HBHHBHH D2 HHBHHHR 13 HHHHBHY 26 HHBHHRHY C HHBHHRH 13 HHHBHHH D2 H#HHHHHH 13 HHHHHHH 30 HHHBBHH L HHHBHHH = HBHHBHH | HBHHHHH )
HHUBBHBYE \HHHHHHH | #HBBBBH  BHBBBBY ( HHHHHHH W BRBBBHE | BBBBBRE \HHBHHHH | BHBBHHH  BHBHBRH (HHBHBRYE - BHBHHHE | BHBBBRR \BHBBBRY | #H#####  #HBBBBH ( HHBBBHH (D HHHHHHH DL #HHHRRR L BHBHHHH D HHHHHHH 20 #ARHHHH C HHHHHHH |3 H#H##### 30 #######
4(@P(SUHUDUC)=P(S) +..— P(SHDC) ####### = ####H## |HHHHHHS | HHHBHBH \HHHHHHH | BHHHHHH  HHHBHBH ( BHHHBHY | BBBHHHR ) BHBRBHY \RBHHHHH | BHHHHHH  BHBHHHY ( BHRBHHH | BHBHBRE ) HBBHHHH \BHRRHHH | #HHHH8H  $HBBHRH ( BHBHBHS — $HBHHHH | BHRBHHH )
HUHHHAA \HBHRAHE | BHBRHRR | BHBBRBH (BHBRBHE | BRRBBRS BB RH \HHBHHRS | BRHRAHE | BHBBHRY (HHBHBRH | BHHRBHE ) BB HHRE \BHARHRH | $HBH RS BBHRBHHE ( BHBBHBH + BRBRBHE | BHBBHRY ) HHBH RS \HHHRBHHE | HHHHHRH | BHBBRBH ( $HBHBRS | BBHBBHHE | HHBHHBH )
HEHBHHY | #HHH###  BABBBBY ( HHBHBRY | HHBHHHH | RBBBBHS \BHBBBRH | #HHHHHH  BRBBBHH ( BHHHHRE | BHBHBRY | BHBHHHH \BHBHBRR | HHBBBRE | HHHHHHH ( BRBBBBE — HHBHHHY | BHBHBHS | BHBHBRE \HHBHBRH | #HH####  #HBBBBE  HHBBBRY | HHHHHHH | RRBBBRS \HHBREHH |
HEBBHBYE | HHHBHHHH ( #HBBBBR S HEBBBBE D2 HHHHHHE D BRBBBHH A $HBHHHH D HARBBBH D HHHHHHH S HHHBHBH DL #HBBHHH T HHBHHHH AC HARBRBH D HHHHHHH L HHBHBRH A HHHBHHHH | HHHHHBE L HHHHHRH QO HHHHHHH A HHHHHHH 2 HHHHHHH 2 HHHHHHH 2 HBBBHHH D HHHHHHH# O
HHUHHBHHE |3 HBRBHBH L HHHHHHHR D HHHBHBHE 2 HHHHHHH A DS A #HHHHHH = HHBBBHYE | HHHHHHY | RBBBBHH \BHBBBRHY | #HHHHHH  BHBHBHY ( BHBHBRHY | BHBHHHY | BHBHHHH \BHBHBRHR | HHBHBHE  BHBHHHH ( BHBBRRHE | BHBBBRY | HHHHHHH \BRBBRRS | #HBBBRH  #HHHHHH ( ##B##HH W
HEHBHBH |HHHHHHH \BARBRRE | HHBHBBH | HHHHHHH (BRBBBBE | BHBBERYE | HHBHHHH \BBBBHHE | #H BB B 48  $HBHHHH ( BHBBHHH (S HHHHHHH D2 HHHHHHH D BHBHHHH QA HHHHHHH T BEBBBHH AC HHHHHHH A BB BB HHH QO HHHHHHH A HAHBHHH © HHHHHHH || ####### 50 ####### 4 (D) P(L U2
U ..U 13) = ######HE | HEHBHHH |HBBHHHH \HHHBBHY | $HUBHHH  BHBHHHS (HHHBBBBY | BRBBHBH | BHBHHHE \BHBRRUH | BHUBHHH  BHBHHHS (HHBBBBY | BHBBBHH | BBBHHRR \HHBRHBH | BHBRHHH  BHBHHRR (HHBRBRH + BHBHHRR | BHBRBBY | BHBHBHH \BHHHHBR | ## #2228 | #HBH###
HUHBHBY | HHHHHHH | BRBBBRS \HHBRBRY | #######  BRBBBBS ( HHBBBBY | HHBHHHH | BBBBBHH \BHBHBRHE | $HBHHHH  BHBHHHH ( BHBHBRE — HHHHHHH | BBBBBBE BHBBBRE \$HBHHHH | #HBH338  BHBHBHHE (HHBHBHY | BHBHHHE | BHBHBRE \HHBBBRH | #H##### | #HBBBBH ( #HHHHHH
13 #H#HHHHBH D2 #UHBHBH | HHHHBHHSE AQ HHBHBHH 3 HHHBHHAY 13 HBHHBHHE 13 HBHHHHE D2 HHHHBHHE D #HHABHBH AL H#HHBHHAY 2 HHBHBHH |3 HHBHHAHH |3 #HBHHBH D2 #HHAHHBH O HHAHH#HH A8 ####### 13 Player B. If Player A chooses spinner (a) then B can choose spinner (c). If A chooses (b) then B chooses (a). If A
chooses (c) then B chooses (b). In each case B wins probability 5/9.
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